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Abstract 

QCD superconductors in the color-flavor-locked (CFL) phase support excitations 
(generalized mesons) that can be described as pairs of particles or holes (rather than 
particle-hole) around a gapped Fermi surface. In weak coupling and to leading loga- 
rithm accuracy the scalar and pseudoscalar excitations are massless and the vector and 
axial-vector excitations are massive and degenerate. The massless scalar excitations are 
combined with the longitudinal gluons leading to the Meissner effect in the CFL phase. 
The mass of the composite vector excitations is close to twice the gap in weak coupling, 
but goes asymptotically to zero with increasing coupling thereby realizing Georgi's vec- 
tor limit in cold and dense matter. We discuss the possible mixing of the composite 
scalar and vector excitations with the gluons, their possible coupling to the modified 
photons and their decay into light pseudoscalars in the CFL phase. The issue of hidden 
gauge-symmetry in the QCD superconductor is critically examined. The physical im- 
plications of our results on soft dilepton and neutrino emission in cold and dense matter 
are briefiy discussed. 
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1. Introduction 



QCD at large quark density lias been discussed in the literature since the late seven- 
ties [0, |[, but it has generated an intense activity especially in the last three years [Q, ^, |5[, 
in light of the fact that the ground state may exhibit a robust superconducting phase, with 
novel and nonperturbative phenomena. At high quark chemical potential, these phenom- 
ena are accessible by weak coupling analysis. The QCD superconductor for a number of 
flavors Nf > 3 and a set of degenerate quark masses, breaks color and flavor symmetry 
spontaneously, with the excitation of light Goldstone modes. 

Some properties of these light excitations that we may call "superpions" ^ have been 
addressed recently using effective Lagrangians [|, 0, |]. In the latter the finite size of the 
pairs is usually ignored, allowing for a description in terms of point-like excitations as orig- 
inally suggested in Q. However, in weak coupling, this approximation need not be invoked 
since a full analysis with finite size taken into account is feasible to a leading-logarithm 
accuracy. A direct analysis of the light Goldstone modes in weak coupling without using the 
zero-size approximation, has been performed recently It allows a microscopic calcula- 
tion of the pion form factor, decay constant and mass in leading logarithm approximation 
in the color-flavor-locked (CFL) phase. The self-generated form factors provide a natural 
cutoff to regulate the effective calculations at the Fermi surface. 

In this paper, we will pursue the microscopic analysis for the generalized scalar, vector 

and axial-vector mesons viewed as composites of pairs of quasiparticles or quasiholes in the 

CFL phase. Throughout, we will only discuss the octet phase and its associated set of 

generalized mesons. The axial SU (3) singlet is still expected to be split by the color-flavor 

triangle-anomaly Q present in the CFL phase. This issue will be addressed elsewhere. In 

section 2, we discuss the general features of the QCD superconductor in the CFL phase. In 

section 3, we show that in the CFL phase both the pseudoscalar and scalar excitations are 

massless. The former are true Goldstone modes, while the latter are would-be Goldstone 

modes that combine with the longitudinal gluons as discussed in section 4. In section 5, we 

show that bound vector excitations of particles or holes exist in the CFL phase, and derive 

an explicit relation for their form factor and mass. In section 6, we discuss their coupling to 

currents. To leading logarithm accuracy the octet of vectors are degenerate with the octet 

of axial- vectors, and decouple from the Noether currents. In section 7, we show that the 

composite vectors do not decay to pions in leading logarithm accuracy, contrary to their 

analogues in the QCD vacuum. In section 8, we show that the composite vectors decouple 

from the gluons in the CFL phase as well. In section 9, we show that issues such as vector 

dominance and gauge universality do not immediately apply to the generalized mesons of 

finite size. A hidden local symmetry can be revealed only for zero size pairs, which may not 

*^We will use the phrases "superpion", "supervector" etc. for denoting the generalized mesons in the 
zero-size approximation which is behind the "superqualiton" point of view of H. 
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constitute a good approximation for magnetically bound pairs. Our conclusions are given 
in section 10. Some of the calculations are relegated to the Appendix. 



2. QCD Superconductor in the CFL Phase 



As shown in Q , in the CFL phase the quarks have a nonzero gap. Their propagation is 
given in the Nambu-Gorkov formalism by a matrix written in terms of the two-component 
Nambu-Gorkov field ^ = (il^ji/jc), where refers to quarks and i1^c{q) = C'ilF{—q) to 
charge conjugated quarks, respectively For large /i, the antiparticles decouple, and the 
propagator S(g) in the chiral limit reads 11^, 



S(g) 



70(go + g||)A-(q) -MtG*(g)A+(q) \ 1 
MG(g)A-(q) 7°(go-9||) A+(q) ; - 

(1) 



where q\\ « (|q| — /u) is the particle or hole momentum in the direction of the Fermi mo- 



mentum, such that the particle/hole energies read eg ~'~ l^^^)!^ terms of the 

gap function G{q). The operators A^(q) = ^(1 it a • q) are the positive and negative en- 
ergy projectors In the CFL phase M = ejeJJ75 = with two antisymmetric tensors 
{e^f" = e''''^ a,6,c e {1,2,3}, in flavor (f) and color (c) space, whereas the charge conju- 
gation operator C is already incorporated in the definition of the Nambu-Gorkov field ^ . 
The effects of the current quark masses on the quark propagator are involved in the QCD 
superconductor. In perturbation theory, we have to first order in the current quark mass |^ 



AS(g) 



m ( mMtA+(q) MtmA-(q) \ G*(g) 

2m , . ^ \ 21, ^ 2i, ) 



( r?iMA-(q) MmA+(q) \ G{q) rn -g0+9|| 

^ 2m + ) 2m -qfl^ 

(2) 

with m = diag{mu,md,m(i). Details on the derivation of this result including 0{m'^) terms 
can be found in the Appendix-1 and Appendix-2 [^ . 
Using the color-identity (see Appendix-4) 



the gap function G{q) in the CFL phase with massless quarks satisfies the following gap 
equation 



q 



*^Here ip"^ is the transposed and conjugated field and C = ij'^'y^. 

^^Note that 7°A±(q) = A^{(i)'y°, 7^A±(q) = A^iqh^ and a ■ qA±(q) = ± A±(q). 

*''ln what follows, "Appendix-n" denotes the item n in the Appendix. 
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G{q) 



ql+ql + \G{q)[^ 



(4) 



The second expression follows from Wick rotation to Euclidean space. For perturbative 
screening of gluons in the relevant w, q domain, the gluon-propagator in Euclidean space 
reads schematically as 1^ 



-Diq) 



1 



q^ + m\ 



+ 



1 



2 g2 + rn\^ 



(5) 



Perturbative arguments give m\/{gii)'^ = m'\)/{g^)'^ « Nf/lir"^ and m'j^j/m'j-, w 7r|g4|/|4q|, 
where m^) is the Debye mass, tjim is the magnetic screening due to Landau damping and Nf 
the number of flavors . To leading logarithm accuracy, the gap equation (Q) can be solved 
using the logarithmic variables x = ln(A=i</p||), y = ln(A*/g||), and xq = ln(A^,/Go) lll^ 
where A^, = (4Aj_/7rm|;) and A_l = 2/x. The result is 



G{x) 



Go sin 



with /i*xo/\/3 = 7r/2 and Go given by 



On 



/ vrx 



4A6 



vrmj 



Go sin (ji^:x/y/3j 



V3tv 



where 
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67r2 ■ 



(6) 



(7) 



(8) 



This result is in agreement with |14, 15, 12|, whereas in [O, 16, 17] there is an additional 



prefactor of 2. Note that G{q) is a real- valued even function of 



3. Generalized Scalar and Pseudoscalar Mesons 



The generalized mesons will refer to excitations in qq as opposed to the standard 
mesons which are excitations in qq (see Appendix-9). The wavefunctions of the generalized 
scalar and pseudoscalar excitations in the QCD superconductor follows from the Bethe- 
Salpeter equation displayed in Fig. 1, 

T^ip, P)=g^J^ ^V{p - q) zS(g+|) P) iS(g-|) zV^ , (9) 

where the gluon vertex is defined as a Nambu-Gorkov matrix (see Appendix-6) 

^ ( 7mAV2 
^ V G(7;.AV2)^G- 

*^ This simplified version was used in |^ and checked to be reUable for the leading logarithm results, 
see also Appendix-12. 



ur-"'^/' ' 1 (10) 
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The composite scalar vertex is given by 



(11) 

t 



A* 



with = M'"(r^)'° and M*" = e}.ej?75. Note that (m^) = e^e'^j^ir 

^/^c75(''"^)"*- The composite pseudoscalar vertex has been discussed in It reads 

Fps \ ij^Tps{p,P)M^ J 

A thorough discussion of the spin-parity assignment for these vertices can be found in 
Appendix-7. 

Inserting (||) in @ we find, after a few reductions (see Appendix-8 for details), that 
both the scalar and pseudoscalar Bethe-Salpeter vertices obey 

with Q = g + P/2 and = g - P/2 and T{q, P) = Ts{q, P) = Tps{q, P). In establishing 
([l^ we have made use of the relations 

?^(^^)t = -^^^ E^(m(mYm)^»-?M- (14) 

(see Appendix-5) and ignored the symmetric contribution in color-flavor which is subleading 
in leading logarithm accuracy. In the meson rest frame P = (M, 0), we obtain 

Tip, M) = —Jj^, ^V{P - q) (^g _ ,2 + ^2/4)2 _ ^2 ^1, M) . (15) 

This integral equation can be solved exactly in leading logarithm accuracy (see the analogous 
calculation in section 5). The resulting mass M in the present case is 

M = 2Go fl-e-(^-^)"/'^*)^ =0, (16) 



which illustrates the Goldstone nature of the scalar and pseudoscalar excitations in the QCD 
superconductor. The pseudoscalar excitations are the generalized pions already discussed 
in [^, P with a form factor r(g, 0) oc G{q). The scalar excitations are would-be Goldstone 
modes that get eaten up by the longitudinal components of the colored gauge fields (see 
below) . 

Although dH) was derived using the simplified form (p^, we now show that the out- 
come is the same, irrespective of that choice. Indeed, an alternative way of reaching the 
same result that is independent of the choice of the gluon propagator ^{q) in ([l5|), can 
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Figure 1: Bethe-Salpeter equation for the generalized mesons in the QCD superconductor. 



be obtained by expanding the integrand in ( [T5| ) in M^. For the Goldstone modes, this 
expansion is vahd and we obtain (see Appendix-10) 



3 



d X 



' iVix) 



(17) 



(2^)^ ql - el 

where the second integration is over the configuration space (actually positive semidefinite 
in Euclidean space). Here is the Goldstone mass squared, and F (= Fps = Fs) its 
decay constant with 



F' 



(18) 



Note that both M and F are functional of the form- factor T{q). Minimizing the mass- 
functional with respect to T{q) yields a gap-like equation with T{q) = KG{q) as a solution, 
modulo an arbitrary dimensionless constant k,. From (^ we observe in analogy to (^) that 



3 
4? 



G^(x) 
W{x) 



d^q G2(g) 



(2vr)4 g2 



(19) 



Inserting (|T|) into (|T^ yields 
chiral limit, since F^ is nonzero, i.e. 



F' 



8^2 



0, which implies massless Goldstone modes in the 



167r2 



(20) 



(see Appendix-10). For k = 4 the result for F'^ is in agreement with the result established 
in Q, where the axial- vector current normalization has been used. The dependence of 
the mass of the generalized pion on the current quark mass can be estimated in mass 
perturbation theory using an axial- Ward identity [^, see the Appendix-3. The mass effects 
are of order m/ fi, and to leading order, we have ^ 



0/3 



Att^F^ 



Ti. 



cf 



2 Of* 

m , r 



(21) 



Using the weak coupling values for Ft and Go, (|2lD becomes 



a/3 



2 2567r^ 

3 9^5 



exp 



72, 



2 o 

m , r 



{Tr,, ( 



M^'M^ -M'^'M 



0) 



(22) 
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The color-flavor traces in (pi|-p4) yield zero. This is consistent with the fact that 
Tr (mpoS(g)mpo S(g)) = Tr {mSii{q)mSii{q)) + Tr {mS22iq)mS22iq)) 

to second order in mass perturbation theory, where pQ is the unit matrix in the Nambu- 
Gorkov space. Equation ( p3|) follows after inserting the Sii{q) and 5*22 (q) Nambu-Gorkov 
components of the full massless propagator ( [A24 ), expanded to next-to-leading order in 
1/fj., and is seen to vanish after the g|| -integration is carried out. The vanishing of ( |23| ) to 
leading order in 1/// can be understood as follows: each mass insertion flips chirality but 
preserves helicity. Hence the quarks must carry opposite energies, which is not possible if the 
antiparticles are absent. Indeed, ( p3| ) vanishes to leading order because of the orthogonality 
of the massless energy projectors occuring in (Q). 

At next-to-leading order in however, the vanishing of the mass is averted by 
keeping the antiparticle content of S{q) as given in (A24) and using the simplified form 
( [l^ of the generalized-pion vertex. Note that the antiparticle gap, which according to |15| 
is gauge-fixing-term dependent (see also Appendix-12), does not appear at this order, but 
first at next-to-next-to-leading order (see Appendix-1 and Appendix-3). The mass of the 
Goldstone modes at next-to-leading order reads 

[m^Y^ ^ {Tre/([m,r-]+(M^W + MtmM^)) 

+Trc/ {[m, r"*]+ (M^mM^ + MmM^"^)) } 

= exp ( |Tr,^ ([m,r"]+ (M^W + MtmM^)) 

3^V2g^^ \ 9 J ^ ^ ^ 

+Trc/ ([m, r°*]+ (M^mMt + MmM^"^)) } (24) 

in the general case rfiu ^ vfid <C rris and with the weak-coupling values for F^, Go and 
(see Appendix-3). At next-to-leading order the pion mass relation ( p^ ) is reminiscent 
of the quadratic Gell-Mann-Oakes-Renner relation in the vaccum, as is explicit from the 
axial- Ward-identity Q. Using the current mass decomposition 

m = - Tr(m) 1 + = m 1 + r-^ , (25) 

3 

M = M"" = e^el and M^^ = M*°(r^)*° ^ and the identity 

[t",t^]+ = 1 + 2d"^^ r'^ , 
we can unwind the color-flavor traces in (^) to obtain the explicit mass matrix. 



«/3 2^0 ttI" /-V2_^2- 

+2 (mm^5'"' + rn' d^"'^) e^"' e"^"'" (r'^)'"'^ (r^ + t*^Y^ (r^)'"} , (26) 



(m^Y^ = 2 exp ( JiIJLJ] hmH^P +^4m''m^ +8mm^d^^^ 



*®The 75 has been removed by the spin trace. 
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which is nonzero in the flavor symmetric case. Indeed, for ruu = md = rus = rUg, this result 
simplifies to 



~ , r- exp , (27) 

showing the nonperturbative character of the Goldstone mass in the gauge coupling g. We 
have not checked whether the corrections to the leading logarithm approximation affects 



(|2q), since the leading order result (22) vanishes. An expression of similar structure to 
can be found in |18]. 

At this stage, an important remark is in order: the non-vanishing of the next-to- 
leading order result depends on our simplification of the gluon-propagator (^), which leads 
to the subsequent simplification in the generalized meson vertices (^^-|l2|). Indeed, if we 
were to use the exact gluon-propagator ( |A78 ), then the generalized meson- vertices (11-^) 



(also (1A61| )) have to be changed to 



to satisfy the pertinent Bethe-Salpeter equations (see Appendix-12). The additional pro- 
jectors in ( p8|) cause the mass of the Goldstone modes to remain massless at next-to- leading 
order as well. We note that the additional projectors in ( |28| ) follow the structure of the 
leading quark propagator (|l]), and are in general superfluous if each vertex is only linked 
by the leading part of the quark propagator. If the vertex is of a scalar or pseudoscalar 
nature, it is already sufficient that each vertex is coupled to at least one leading part of the 
quark propagator (see Appendix-7). This is the case of most our results to leading order, 
hence our simplification. The exception is ( p6|) which is a next-to-leading order result, since 
two subleading propagators (a massive and a next-to-leading order massless one) are there 
attached to one vertex. 



4. Higgs Mechanism 



The generalized scalar mesons mix with the longitudinal gluons through the non- 
diagonal polarization 

2 



n;i^(Q) = -igJ ^ Tr (zV^^ iS{q + |) zT^{q, Q) iS(g 



(29) 



where T'^{q,Q) is defined in (|ll|). Since the scalar form factor is r5(g, 0) = G{q)/F, 
equation (p9|) can be reduced to 



F^^y2 '''' J J (2vr)4 (K2 _ 4)(p2 _ ,2^) 
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{ [(i^o + - (Po + P\\)GiK)] Tr [^o7^.A+ {K)A-^ (P)] 

{Ko-K\\)G{P) - (Po - P\\)G{K)\ Tr [7o7mA-(K)A-(P)] } (30) 



+ 



with K = q + Q/2 and P = q — Q/2. Clearly 11^(0) = 0. In the following, we will use 



-26' 



aA 



Tr[A+(K)A+(P)] = Tr[A-(K)A"(P)] = 1 + K • P ^ 2 and Tr[7o7iA+(iv:)A+(P)] = 
-Tr[7o7iA-(/s:)A-(P)] = + P* ^ 2q* as well as K\\ - P\\ q • Q. In this way, we 
obtain to linear order in Q, 



nf^(g) 

The temporal and spatial pion decay constants are, respectively 

d'q G\q) 



Pi 



F4 



Fi 



-8i 
-8i 



(2^)^ (qi - 4? 



d^q 
{2ny 



q Q 



2_GHq) 
(9, 



i - 4? 



(31) 

(32) 
(33) 



where = Fg/F^ = 1/3 is the square of the velocity of the Goldstone modes ^. 

The nonvanishing of (^) implies that the 8 generalized scalars in the CFL phase are 
eaten up by the longitudinal gluons. As a result, the gluons acquire masses in a manner 
analogous to the familiar Meissner effect. Indeed, if we denote by S^-^ the scalar color-flavor 
order parameter in the CFL phase, then under local color transformations S — > i^cS. In 
the local approximation (leading order in Q), the gluon-scalar mixing is described by the 
Higgs term 



Ch = -Tt: \doT. - ig AoT.\ - — Tr \diT, - ig AiT,\ 
A\A 



(34) 



For the scalar excitations, S = Ft A + a X and (|34| ) becomes 



— [a a 

2 V 



2 772 



g'F 



{AiAi-v'AfAf 



-gFr {a^A^ - v'd.a^ Ai 
The mixing vertices in ( |35|) are precisely the ones given by (^). If we define 



(35) 



Ai 



1 



qFt 
1 





' gFT 



then (|35D reduces to 



^2 772 „2 772 

9 aA aA 9 aA aA 



(36) 



(37) 
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which is purely a mass term for the new gluon field A. Originally there are 8 gluons A that 
are massless with two transverse polarizations. After the Higgs mechanism (^), the gluons 
become massive in the CFL phase, with the scalar making up the longitudinal component. 
No scalars are left. The Meissner mass (37) refers to the inverse penetration length of 
static colored magnetic fields in the QCD superconductor which is unexpectedly small, i.e. 
1/gfj,. In weak coupling the Meissner mass is of the order of the electric screening mass 
niE ^ gfj-- It is not of the order of g Gq as in a conventional superconductor with a constant 
(energy independent) gap. It is important to note that the nonstatic gluonic modes with 
Qo > Gq sense 'free quarks' for which there is electric screening but no magnetic screening. 
A brief analysis of the polarization function in the CFL phase supporting this is given in the 
Appendix-11. The nonstatic and long-range magnetic effects are at the origin of the pairing 
mechanism discussed here, including the binding in the mesonic excitation spectrum. 



5. Masses of Generalized Vector and Axial- Vector Mesons 



In this section we consider vector mesons consisting of a pair of (quasi-) quarks or 
(quasi-)holes at the Fermi surface with momenta pi = —q + P/2 and P2 = Q + P/2. In 
the CFL phase these composites (generalized vector mesons) have finite size. Since Lorentz 
invariance is absent, there are electric and magnetic composite mesons. Their transverse 
and longitudinal vector form factors (or wavefunctions) in the Nambu-Gorkov repre- 
sentation are defined as 

rf{q, P) EE 7, r^{q, P) = P,P^7, rf (g, P) + [-g/ - P,P^) 7i T^iq, P) (38) 

with 

= I dP ^"PkP^ Tf , (39) 

= '^JdPj'{g,' + P,P^)Tf. (40) 

Current conservation implies P'^ r^(q, P) = 0, such that the temporal form factor Tq{p, P) 
is not an independent quantity, but can be expressed in terms of as 

r^{p,P) = -^ri{p,p). (41) 

In the QCD superconductor this implies 1 electric (L) and 2 magnetic (T) modes for the 
composite vector mesons. The purpose of this section is to evaluate their form factors and 
"masses" (or more precisely excitation energies) in the weak coupling limit. For that, we 
note that the wavefunction (up to a dimensionful normalization) of the electric and magnetic 
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modes follow from the Bethe-Salpeter equation displayed in Fig. i.e. 

P.^A, P. 



T^ip, P)=g^J^ W{p - q) zV^ ^S{q+^) T^{q, P) iS{q-^) zV„^ 



(42) 



where the gluon vertex is defined in (IC). As discussed in the Appendix-7, the composite 
vector meson vertices for the transverse and longitudinal modes have the following structure 



{p,P) 



1 



r*T^Lip,P) (m^ 
rT,L{p,P)M^ 



(43) 



Inserting (|^) in (42) we find, after a few reductions (see the Appendix-8 for details), 



4fl2 



jiV{p-q) — 72\n72 — — ^tMP) (44) 



(2vr) 



(Q^-4)(^o-4) 



with Q = q + P/2 K = q - P/2. 

In the rest frame of the composite vector meson, P = {My, 0), equation 



becomes 



45^ 



M2/4 



r.,.(., Mv) = ^ y ^Vip - q) ^^^_:.^l,.i4_MW, ^^'^^^^ ' ^''^ 

where we have used that Tx^LiQ, My) is an even real function of q. The difference between 



the vector equation ( ^q ) and the scalar equation (15) is in the prefactors : 4/9 versus 4/3 
respectively. As a result, (p^) admits massless modes, while (|^) does not. Indeed, using 
in (H) and assuming that TT,Liq, My) ~ TT,Liq\\, My) with support only around the 
Fermi surface, we get, after a few integrations 1^ 



X In 




1 



+ 



1 



g2 + |G(g||)|2 - My/2 ^ql + \G{q\\)\^ + My/2^ 
Aj A3 

{p\\-q\\? + m\^ 



1 + 



\p\\-q\\V + lmj^\p\\-q\\ 



TT,L[q\bM) 



(46) 



Since — g||| <C m^; = m/) <C A_|_ = 2/i, equation (46) is simplified in leading logarithm 
accuracy to 



rT,L (P||, My) 



hi 



A, 



dq\\ 



In 



A 



{p\\-q\\f 



TT,L{q\\.My) 



(47) 



18 Jgm q\\ 

*^The logarithms result from the q±_ integration. The contour integration in go is performed under the 
assumption that ©(p — q) is dominated by nearly static contributions, where the following identity is used: 



ql ~el- /4 



(9g 



+ ■ 



+ M2 /4)2 - M2 g2 2\ql- [e, - Mv/2Y ql - (e, + Mv/2) 



The remaining steps are analogous to the ones discussed in [hd]. The coefficient h, is defined in (H). 
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with 



Gl = Gl- (48) 



and A* = AA^/irm^. The solution to (^) is obtained by using the new logarithmic variables 



X = ln(A=i,/p||) and xm = ln(A=K/GAf) as discussed in ||T2|. Following this reference, the 
transverse and longitudinal form factors for the composite vector mesons are found to be 
equal to 



Tr,L{Pll,Mv) ^ Cm sin (^) = ^Gg-^sin (^^ 




(49) 



with 



Notice the threshold singularity for pair production at My = 2Gq. Using (|48|), ( |50D and 
(|^, we get the following value for the mass My of the generalized vector meson 



Mi/ = 2Go (l-e-(3-v^W/^*)^ . (51) 

We recall that h^, = g/{^/67^). Note that My is less than 2Go. Thus the composite pairs 
of particles or holes are bound exponentially weakly in the CFL phase. The smaller the 
coupling, the smaller the binding. For (7 — > 0, we reach the breaking of the composite pair, 
and their mass asymptotes 2Go. For g large their mass asymptotes zero which we interpret 



as a realization of Georgi's vector limit |19| in dense QCD. A rerun of these arguments for the 
axial- vector composites yield the same mass (see Appendix-8). In the CFL superconductor 
both the vector and axial-vector octets are degenerate in leading logarithm approximation, 
in spite of chiral symmetry breaking. 



6. Vector Meson Coupling to Currents 



The dimensionful coupling Fy of the vector mesons in the QCD superconductor is 
defined by 

(bCS|v°(0)| VV^^(P)) ^FyMv.fJ'^(P)5"^ , (52) 

where (BCS| stands for the CFL ground state and £^'^ are the transverse and longitudinal 
polarizations. In terms of the original quark fields the vector current follows from 
Noether theorem. Hence (see Appendix-6) 

V^(x) = *74t>3* (53) 

with T"^ = diag (r"^, r"^*) an SU{3)c+f valued generator in the Nambu-Gorkov representa- 
tion and P3 the standard Pauli matrix acting on the Nambu-Gorkov indices, in accordance 
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<Bcsii/,^X°(p)> = j V-- - 




Figure 2: Vector transition in the QCD superconductor. 

with (|lC|). A diagrammatic representation of ( |5^ ) is shown in Fig. ^. Inserting (^) in (^2|), 
we obtain from Fig. || 

(54) 

with Fy"^ as defined in (p8|). However, because of the spin structure, 



TV,(7^7o7r«") = 0, n = 0,l,2,---, (55) 



the right hand side of (|54|) vanishes identicahy, to leading logarithm accuracy and in the 
chiral limit. 

So, the vector excitations couple to the usual physical currents only in subleading 
order if at all. An exact and direct assessment of this coupling is beyond the scope of the 
present work. Instead, we will present a variational estimate for Fy (temporal) based on 
the variational analysis discussed in section 3 for the scalars and pseudoscalars (massless 
excitations) which turn out to compare well with the exact results. Indeed, a rerun of the 
variational arguments, i.e. the application of the steps between (ll5|) and (|l7|) to (|45|), yields 



^2 .oo r^,^(g||,My) ^2 M AC^Gl^sin^ (Tl"(t)) 
" ''^11 4 "^io'^ll i 

^2, ,2 n2 rxn / \ ,,2, ,2 



^ M gj/ r° , ^2ix-xo) -2 _ I^K. 9m. 1 - COs(^Xo/xm) 

" 8^2 GlJo \2xm)~ 8^2 G2 4 

_ ^V(l-cos(7r/V3) .... 

327r2 • ^ > 

The ratio Fy jF'^ ^ 1 is indeed subleading in weak coupling. Similar variational arguments 

for the vector mass yields an upper bound of the form (see Appendix-10) 

T,/r2 ^ e n2 2 (1 - (xAf/TTXp) sin(7rxo/a:M)) 
1 — COS(7rXo/XMj 



which is generously satisfied by the exact result (|5l|) . 

The generalized vector meson coupling to the scalars can be assessed similarly, by 
substituting in Fig. ^ the vector current by the generalized scalar vertex, i.e. 

nrV) = -z /(04^ (ir^(A;,p)iS(fc + :^)ir^(fc,p)iS(fc-:^)) . (58) 
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Substituting for the vector and scalar vertex, we obtain 



j,aA.p. _ _}_ryf^a^An f d'k (Qo - Q||)(Ko + - (Qp + Q||)(i^o - 

' ^ ^ ~ Fy Fs y""' ) J (2vr)4 iQl - el){Kl - e\) 

X Tv{k, P) Ts{k, P) TV (7i A+(Q)A+(K)) (59) 

with Q = k + P/2 and K = k — P/2. The spin trace in (|59| ) is found to vanish. In leading 
logarithm approximation, the generalized vectors and scalars do not mix, in contrast to 
the mixing between the generalized scalars and gluons which is at the origin of the Higgs 
mechanism discussed in section 4. Mixing may take place at next-to-leading order with 
consequences on leptonic emissivities in dense matter. 



7. Vector Meson Coupling to Goldstones 



The composite character of the vector mesons in the CFL phase allows them to 
interact with the generalized pions in the QCD superconductor modulo G-parity. Indeed, 
the decay process F — > vr (and in general any odd number of tt) can be easily seen to vanish 
in the CFL phase. In this section, we will estimate the V — > vrvr decay in the CFL phase as 
represented by Fig. |3| in leading logarithm accuracy and in the chiral limit. 

The effective vertex associated to Fig ^, translates to the following equation 

V^^^(P,Q) = - j ^^T,(^S{q+^)^^,V^{q,P)iS{q-^)^T^{q-^,P-Q) 

xiS(g-g + |)ir^(g + ^^^,Q)) . (60) 
The composite vector and composite pion vertices are given, respectively, by (H^) inserted 



into ( |3q ) and by (12). The general structure of the vertex ( |3q ) and the lack of Lorentz 
invariance in the CFL phase yield eight form factors, 

v^^^(p,Q) = +/^^^{4(^'Q)^o + 5:^(^',Q)Qo}<J^o 

{4(P, Q) Po + gi{P, Q) Qo} <5mo 

[hi,{P, Q) Vi + <(P, Q) Q,} 5^,. (61) 

The electric and magnetic couplings are qe ~ ^.^(0, 0) and qm ~ 9m(0, 0). Setting P = 
and Q = (M, 0), the electric coupling is seen to vanish because of the mismatch in spin 
structure (i.e., tracing to an uncompensated 70, see (|55|)) in the chiral limit, i.e. qe = 0. 
Setting P = and Q = (0, Q) fixes the magnetic coupling. In terms of (|^) the composite 
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P-Q 



Figure 3: V ^ tttt decay in the QCD superconductor. 



vertex reads 



FyF2 J (27r)4 
xTr/c (r 



2 ' {ql - el? ql - e 



q-Q 



T , r 



x{G{q) [q-Q+-q+Q.] 
xTr, [A-(q)7T,LA"(q)A-(q- Q) + (A" 



G{q-Q) 



2G{qf 



Tr, [A-(q)7T,LA-(q)A-(q - Q) - (A" 



A+)] 
>A+)]} 



(62) 



with g-t = go =t q\\, Q± = ^Q\\ and ^l,t = li^t^ ■ Equation (^) is identically zero, since 
the spin structure is of the form 

Tr^(7''a") = for = 0, 1, 2, 3 and n = 0, 1, 2, • • • . 



In fact, one could have seen this already by inspecting ( pO| ) as it contains only one 7^ and 
always an even number of 7'''s (either 2 or 0) from the propagator (|l]) (either one and 
one 5*22 appear together or only 5i2's and 521 's). This holds for any value of P and Q. 
Hence V — > vrvr vanishes to leading logarithm accuracy and in the chiral limit in the CFL 
phase, making the vector excitations real (zero width). 



8. Vector Meson Mixing with Gluons 



In the CFL phase the static electric and magnetic gluons are respectively screened and 
expelled (Meissner effect). Both the screening mass and the Meissner mass are of order gfj, 
which is large on the scale of the superconductor excitations. So for all purposes, the static 
gluons decouple. For the nearly static gluons with energy Qq ^ Gq, both the screening and 
the Meissner effect in the superconductor weakens substantially. Indeed, it is the nearly 
static magnetic gluons which are not screened but only Landau damped that cause the 
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B 



Figure 4: Composite vector meson transition into a gluon (H) or a tilde photon (7) in the 
QCD superconductor. 

binding of the composite pairs and their excitations in weak couphng with a magnetic scale 
niM- In weak coupling, the vector mesons are dominant with My <^ mM- 

To analyze the mixing of the transverse composite vector mesons with the transverse 
magnetic gluons in the intermediate regime My ~ "mM, we define the 2-component vector 
fields {pf',Hf). Then the mixed propagator for the transverse modes reads 

a/3 



^y\Q) n(Q) 
n(g) ^-h\q) 



(63) 



where the diagonal transverse propagators are 



,-2 



^~H;f(.Q) = -5"^ {^ij - Q^Qi) (Qo - - Ml)-^ (64) 

with t;2 = Fl/F^. For the magnetic gluons Fh^t and Fh.s are related to the electric color 
susceptibility and magnetic permittivity in the superconductor. Their explicit form will not 
be needed for our arguments. The off-diagonal part of the mixed propagator (^) follows 
from Fig. ^ Hence 

n^^(g) = -i5 /^Tr(vriS(g + |)irf(g,Q)zS(<z-|)) (65) 

which is found to vanish because one of the 70 from S is not compensated at the gluon edge, 
see also (^). In the chiral limit and in leading logarithm accuracy, therefore, the composite 
and transverse vector mesons decouple from the transverse gluons. If any, mixing must 
occur at next-to-leading logarithm order or under explicit breaking of chiral symmetry. 



9. Hidden Gauge Symmetry 



We have seen that in weak coupling, the composite vector mesons are distinct from 
the screened and Higgsed gluons. Could they be the realization of a hidden local symmetry 
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in the CFL phase, besides the exphcit local color symmetry? Furthermore, could the hidden 
local symmetry of the flavor sector be "dual" to the local color symmetry?^ To answer 
these particular questions, we recall that in the CFL phase the color-flavor locking generates 
multidegenerate phases |21, 22 1, characterized by the following order parameter 

' * (x) M'" (e"^^^"'"^'* ) ^'^ P2 * (y ) ) / . (66) 

Recall M*" = £^£"75, p2 a Pauli matrix active on the Nambu-Gorkov entries, and T"^ = 
diag (r^^, r"^'*) an 5C/(3)c+f valued generator in the Nambu-Gorkov representation. The 
CFL phase is invariant under the diagonal of rigid vector-color plus vector-flavor, i.e. 
SU{3)c+v. 

As suggested in Q , in the CFL phase the generalized pions can be regarded as bound 
states of pairs of particles or holes. Because of the degeneracy (|66|), they may also be 
approximately described by SU{3)c+a valued excitations in the coset {SU{3)c x SU{3)l x 
SU{3)ji)/SU{3)c+v, in the long-wavelength and zero-size limit ^. We note that ( |66|) 
can also be rewritten as 



*(x)M-(c7iec"0"P2*(y)) = (*W (eJeK/) i^ce^^c) 75P2*(y))^0, (67) 
where we have used the unitary gauge Cc = Cf = e^'^^'^ ' , and the identity 

For constant ir^, the rigid rotations and can be reabsorbed through ^/^c^ 
leaving invariant the equations in the QCD superconductor. This rigid degeneracy is at the 
origin of the Goldstone modes in the CFL phase. 

For composite pairs we observe that (67) enjoys a local symmetry through 



where h{x) is an element of local SU{3)c+v ■ For finite size pairs, the local invariance 
( p9D cannot be transported and reabsorbed in the fermionic fields ^(x) and ^{y) as they 
carry different arguments. Hence, strictly speaking, there is no hidden symmetry for local 
SU{3)c+v besides the original local color symmetry, in general. 

However, in the limiting case where x ^ y, and the size of the pair can be ignored p^ , 
then (|69|) is a hidden symmetry in the QCD superconductor. Indeed, the effective phases 



A similar issue is addressed in [^o| in a different context. 
*®We stress that our exact calculation was rendered possible by the natural cutoff provided by the finite 
size of the composite. To what extent the zero-size approximation can be valid is not clear for the system 
in question. This caveat may seem to also apply to effective field descriptions of hadrons in zero-density 
environment. The light-quark hadrons such as tt, p, w etc. in the matter- free vacuum are of course finite-sized 
but nonetheless can be given an effective field theory description in terms of local chiral Lagrangians with 
hidden gauge symmetry etc. In such a description, the finite size is naturally accounted for by higher-order 
terms in chiral perturbation series. The resolution of this issue in the present case will have to involve going 
beyond the weak coupling and leading-log approximations that are not addressed here. 
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^/^c can be made local, and their corresponding effective action is invariant under the trans- 
formations Q 

Cf{x) ^gfif{x)h-\x) , Ux) ^Hx)Ux)g-\ (70) 

where gf and gc are rigid flavor and color transformations. The effective action for ^/(x) 
and ^c{x) or equivalently their chiral left-right unitary fields, in the zero size approximation 
was originally discussed in |^]. As a result of the local invariance (|70|), the vector mesons 
composed of pairs of particles or holes can be regarded as gauge particles of the hidden 
and local SU{3)c+v in the zero size approximation p^'^j . They couple minimally to the 



generalized pions, and their properties follow from general principles [23|. In particular, 
their mass is given as My = 2F'^ dv-KTr (KSRF-II) and their coupling to the CFL photon is 
gv = gvmr (KSRF-I), which are both seen to mix orders in weak coupling. In the normal 
(non-superconducting) phase, the photons only couple through /3-mesons leading to the 
concept of vector dominance (VDM), which is usually manifest through gvmr = 9su{3)c+v 
(universality). In this limit, the hidden gauge symmetry must be identical to the broken 
color symmetry SU{3)c- 

Since the pairs in the QCD superconductor have finite size, our results show that 
the concepts of hidden gauge symmetry and VDM are only approximate , and do not 



hold in weak coupling and leading-log approximation. We recall that in weak coupling, the 
pairs are very close in space (separation of order but far in time (separation of order 
l/ruM ~ l/(m|Go)i/3 » l/;,). 



10. Conclusions 



We have analyzed the generalized scalar, pseudoscalar, vector and axial-vector ex- 
citations in the CFL superconductor in the weak coupling limit. We have confirmed that 
the octet scalar and pseudoscalar excitations are both massless, and that only the pseu- 
doscalars survive as Goldstone modes, while the scalars are Higgsed by the gluons leading 
to the Meissner effect. We have found that the vectors and axial vectors are bound and 
degenerate irrespective of their polarization, with a mass that is less than 2Go- Chiral sym- 
metry is explicitly realized in the vector spectrum in the CFL phase in leading logarithm 

*^'^In 0, the hidden gauge symmetry was identified with the local color gauge group. Here it is clearly 
a local symmetry of the QCD superconductor when the pairs are assumed of zero size. The corresponding 
gauge particles are composite pairs of particles and holes as noted in The hidden gauge symmetry arrived 
at zero-size limit may be implying a "dual" relation between the two as in [ po[ . 

*^^It is not surprising that such concepts make precise sense only for modes that can be described by local 
fields. This situation is analogous to the role of VDM in baryon structure. Because of the finite skyrmion 
size, large Nc effective theories implemented with VDM are not as successful for baryon electromagnetic 
properties as they are for mesons. 
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approximation, in spite of its breaking in general. In the CFL superconductor the vector 
mesons are characterized by form factors that are similar but not identical to those of the 
generalized pions. 

We have explicitly shown that the composite vector mesons can be viewed as a gauge 
manifestation of a hidden local SU{3)c+v when their size is ignored (their form factor set 
to one). In this limit, the effective Lagrangian description suggested in |8| is valid 

with the vector mesons described as Higgsed gauge bosons. Only in this limit, which is 
clearly approximative, do we recover concepts such as vector dominance and universality. 
(This is of course what one would expect in the QCD vacuum as well.) In any event, the 
zero-size limit is not compatible with the weak-coupling limit, because of the long-range 
pairing mechanism at work at large quark chemical potential. It is an open question whether 
going beyond the weak-coupling and leading-log approximations would render the concepts 
of effective field theories (e.g., HGS, VDM etc.) more appropriate. 

Although our arguments were exclusive to the CFL phase, it is clear that they can 
be minimally changed to accommodate for the case of Nj = 2, which shows a qualitatively 
different form of superconductivity without color-flavor locking, in particular there are no 
generalized pions. Modulo some color-flavor factors, we have checked that our results carry 
over to the vector and axial- vector excitations. They change minimally for the scalars at 
the origin of the Higgs mechanism, also present for two flavors. 

The existence of bound light scalar, vector and axial-vector mesons in QCD at high 
density, may have interesting consequences on dilepton and neutrino emissivities in dense 
environments such as the ones encountered in neutron stars. For example, in young and hot 
neutron stars neutrino production via quarks in the superconducting phase can be substan- 
tially modified if the vector excitations are deeply bound with a non-vanishing coupling, a 
plausible situation in QCD in strong coupling. These excitations may be directly seen by 
scattering electrons off compressed nuclear matter (with densities that allow for a super- 
conducting phase to form) and may cause substantial soft dilepton emission in the same 
energy range in "cold" heavy-ion collisions. 
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Appendix 



In this appendix, we give some of the missing steps in deriving the formulae of the main 
text. 



1. Direct calculation of the propagator (||) including mass corrections (Q): 
According to Ref. |10|, the general entries for S{q) read 

^11(9) = -i{HQmq)) = |(Go+(Q))"'-7°At(g)70Go(<z)A(g)| 
SM = -i{mM<l)) = 7° At (5)7° 522(g), 



^21(9) = -i{i^c{q)i'{q)) = -G^{q)A{q)Sn{q), 

522((?) = -i{^ciq)Mq)) = |(Go(g))"'-A(g)G+(g)7°At(g)7 



(Al) 



-1 



with 

{Gi{q)y' = J^q^±fij'-m 

= 7°(go±Ai-a-q) -m , (A2) 

where, in general m = diag(mu, m^, m^). Furthermore, 

A{q) = MG(g)A+(q) + MG{q)A-{q) , (A3) 

where M = £^£^75 = Mt with (e'')^^ = e''^^. Note that 

7°At(g)70 = -MtG*(g)A-(q) - M^G*{q)A+{cO (A4) 

and 

(M+m) = 5a(36^J + 5ai5f3j , (A5) 

where a,P = 1,2,3 and i,j = 1,2,3 are color and flavor indices, respectively. 

Inserting ( [A^ ) and ( [A3D and ( [A^ ) into Sii{q), we get up to second order in m: 

Sll{q) « |(7-g + /»7°)-»^-Mt , M(|G(g)pA+(q) + |G(g)|^A-(q)) 

I (go— /^j |q| "T- ^ 

, G* {q)G{q)A- (q) + (g)G(g) A+ (q) 1 

(go - - |qr - "T- 



|(7-g-^7°)(7-g + /i7°) 

- (MtM+^-^|^^M_^ (|G(g)|2A+(q) + |G(g)|2A-(q) 

- (7 • g - .7°) L - Mt^M g-(^M^)A-(q)+^;(.)C(.)A^(q) 

V (go-/i) -|qr 



x(7-g-M7°)- (A6) 
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Using 

(7 • 9 - /^7°)(7 • q + /^7°) = - - |q|)'}A+(q) + {il " + |q|)'}A-(q) 

we can transform ( |A6| ) into 

Mtm^M 



'S'ii(^) 



|A+(q) 
+A"(q) 
-A+(q)7° 
-A-(q)7° 



,^°'-^^-'^'^'-r^+(.o-.)^-iqp, 



(/x+|q|)2- MtM + 



{lo - iJ'Y - |qp 



r -/^ + |q| 



q- 11- |q| 



m 



M'I'mM 



M+mM 



g*(g)g(g) 

(go - - |qp 



(go - iif - |qP 



|G(g)P 
|G(g)P 
^ A-(q) 

A+(q) 



A+(q) 
A-(q) 



-1 



Note that (A7) has the structure 



Sii{q) 



X7°(9o - /i - Q • q) . 



{A+^A+ + A-DA- +A+5A- +A-CA+} ^ 7°(go-/i-a-q 



(A7) 



{F}-^ 7°(go - ^ - a • q) 



(A8) 



with 



A 
D 
B 

C 



2 2 
^0 - Eg 



(go - i^Y - |qP ' 

|g(g)l^ 
{qo- iJ'Y - |qP ' 



-7 



[qo-^^+ |q|] U - MtmM 



-7° [go - - |q|] ( m - M^mM 



G\q)G{q) ' 

(go - - |qP, 



where 



(/.-|q|)2+MtM|G(g)|2 
(/x+|q|)2+MtM|G(g)|2 



(A9) 



(AlO) 
(All) 



Here the projectors A^ are short for A^(q), and satisfy A^A^ = A^ and A+ + A^ = 1, 
where the unit matrix refers to the Dirac space. 
We win use now that the inverse of 



F = A+^A+ + A+SA- +A-CA+ + A-DA- 
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reads 



- A+ A-^ B D-^ A- - A- D-^ C A'^ A+ 

^ A^ A-^ B B-^ C A-^ A^ + A- D-^ C A-^ B D-^ A- 

+ 0{v?) 

and furthermore that 7°A='= = A^7° and S^{f\)OL ■ q = ±|q|A±(q). Then, we have 
^ 7°A-(q)(go-M+|q|) , 7"A+(q)(go - ^ - |q|) 

•^llW ~ Jl _ ^2 ^ „2 _:^2 



+ ((^0 - V-f - |qP) i 2 ^ 2 "^ 2 ^ -2 + 2 ^ -2 "^ 2 ^ 2 ^' 

- G*iq)G{q) ^i-^MtmM^i^A+(q) 
-G*{q)G{q) ^^MtmM-J-2A-(q) 

% % ^q 

9o - (90 - /^)^ - |qr 9o - 

+ ^ Mt™=M ^ |g<5,, T°An.,)to-.-|ll) 

9o - Co (go - tJ-y - |qr «o - €q 



i,P / g-wofa) )^ 



"q 

X ( m 



V (qo-m) -|qry 9o-v 

We apply now the following approximations 

= (^-|q|)2 + MtM|G((?)|2«(^-|q|)2 + |G((z)|2^e2 



il = {^^ + Hf + m^m\G{q)\^^{^ + Hf + \G{q)\^^el 



and, since |q| ^ 11 + q\\, 

el^ql + \G{q)\'' , 
el - , 
(go - nf - |qp ~ -2/x(go + q\\) ■ 
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Then equation ( A12| ) simplifies to 
n'?o + '7|| 



Su{q) 



n m' 

+ 7 

,-2 _3 |/^/„m2 MtM-1 



+ 0[ti-',m^\G{q)Y 



(A17) 



Note that 5*22 (^) follows from ( [A 121 ) under the substitutions 

A=^(q) ^ A=F(q) , ±^^=F/x, ±|q|^=F|q|, ±G* ^ =fG , ±G*^=fG, and ^ M , 

(A18) 

which also imply ibg|| <-> =F9||- In fact, these rules can be traced back to the replacements 
Gq (g) and A((7) <-> 7*^ 7*^ which link the various Nambu-Gorkov components 
in ( [Al| ) to each other. Using ( [A15| ) and 



we get 



5*22(9) 



(90 + - |qP ~ 2/i(go - q\\) , 



7°A+(q)(go - 9||) 7°A"(q) m go - 9|| 



(A19) 



+ ol^l,'\m\\G{q)\ 



2^1 



2/^ 90 - 



7 



2 MtM-l 



A+(q) 



Finally, 
5*21(9) 



-Go-(g)A(g)5n((?) 
7°(9o - - Q! • q) + m 

(90 — A*)^ — |qp — 



X M 



G(g)A+(q)+G(g)A-(q) X 5n(9) 



+ 



MG(g)A-(q)+ /°-^+'q' MG(g)A+(q) 



(90 - i^f - |qp 



(90 - /^)^ - |qp 



M 



(90 - /^)^ - I 
G(g)A+(q) + G(g)A-(q)l 5n(g) 



(A20) 
(A21) 

7°5ii(9) 



- - MG(g)A-(q) + /°-^ + 'q', MG(g)A+(q) 



((90 - Af)^ - |qp)^ 



(90 - /^)^ 



X 7 



5n((z) + 0(m3) 



MG(g)A-(q) Mm G(g)A+(q) g mM G(g)A-(q 
~ 7 ~;r "o T 7 



9o-eg 



2/x 9o-eg 2^ 90-69 

Mm2 G'(g) (go + A"(q) MMtm^M G(g) |G(g)p A-(q) 



MG(g)A-(q) 
2^(90 + 911) {ql-4) 



2ii 



(90 + 911) (90 -e? 



+ 0[fi-',m-^\G{q)\ 



|2 MtM-1 
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The latter equation can be simplified to 
S2i{q) ■■ 



MG(g)A-(q) Mm G(g)A+(q) q mM G(g)A-(q) 



.2 _ ,2 



2/^ 9o - 4 



+ 



1 

2^ 



{Mm2 (go + g||) - m^M ((^o - } 



2/^ - 

g(g)A-(q) 



2 M+M-l 



(A22) 



Again, 5*12 follows under the substitutions ( [A18| ) from S2i- Using ( A15| ) and( |A19D , we get 



Suiq) 



MtG* {q)A+ (q) Mtm G* (g) A" (q) 



m 



Mt G*(g)A+(q) 



«2 - f2 



2/i - e2 2/i 



9o - 



+ OU-2,mMG(g)| 



,2_ 2 
9 



2 M^M-l 



(A23) 



Note that the above determined quark propagators ( [ATtD , ( [A20D , (|A2^ ) and ( |A23D show 
neither a nor a G*{q) dependence. In fact, such terms first arise at order 0{ii^'^). 



2. Perturbative calculation of the mass corrections (Q) to the propag ator (|): 

As a check on the precedent analysis, we now carry a mass perturbation analysis of 
the quark propagator in the CFL phase. We recall that the massless propagator reads |^ 



Sii{q) 

S2i{q) 
S22{q) 



A+(q) 7° A~(q) + A-(q) 7° ^^9^^ A+(q 

A+(q) Mt ^ A+(q) + A-(q) Mt ^ A' (q) 



A- (q) M A- (q) + A+ (q) M^^ A+ (q 

A- (q) 7° A+ (q) + A+ (q) 7° A~ (q) 



(A24) 



with e2 = (/X - |q|)2 + MtM|G(g)|2 and = (/i + |q|)2 + MtM|G(g)|2. Using ( p^ ), we 
can calculate the mass corrections in perturbation theory, i.e. 



A™S(g) 



S(9) 
8(9) 



771 

m 

m 

m 



S{q) 



S{q) 



m 
m 



S{q) 



(A25) 



(A26) 



*^^These expressions can easily be derived with the methods of the former section. EspeciaUy, they are 



consistent with (A17), (A20), (A22) and (A23) to order 0{mP,^ ^) and under the approximations (A14) 
( |A15| ), ( |A16| ) and (|A19|). 
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etc., where, in general, m = diag(m„, m^, m^). The remaining task is just to insert the 
terms ( [A2l ) into ( [A25D and (|A26D . O ne can easily check that the m and terms of 
( [A17| ), ( [A20 ), ( A22| ) and ( A23 ) are recovered in this way. Hence, the direct and perturbative 
arguments give the same result to the order quoted. In retrospect, this is not surprising. 
Both approaches use the Dyson expansion of the propagator. In the perturbative argument, 
the full massive propagator is expanded in terms of the full massless propagator. In the 
direct approach, the same expansion is performed on the level of the free propagators. The 
gap functions MG{q) and 'M.G{q) are completely passive with respect to these expansions. 
Therefore the results are the same. 

The neglect of the color-flavor non-diagonal terms in ( |A5D through the approximation 
( A13| ) which has also been used in to simplify the denominators, can be justified as 



follows. The eigenvalues of M (=M"f) read |12| 



eig (M) = +2, +1, +1, +1, -1, -1, -1, -1, -1 . 



Thus the eigenvalues of M"^M = are 



eig 



(MtM) =4,1,1,1,1,1,1,1,1 . 



Note that eight eigenvalues are equal to unit and only the ninth deviates from this value |21|. 
This is related to an explicit U(l) degree of freedom in the U(3) color-flavor phase, whereas 
the agreement of the other eight eigenvalues corresponds to the SU(3) sector in the color- 
flavor phase. Throughout, we have specialized to the SU(3) phase as indicated in the 
introduction, leaving the issue of the additional U(l) in the presence of the triangle anomaly 
for a future discussion. 



3. Derivation of the mass formula of the generalized Goldstone meson: 



Following Ref. we consider the chiral Ward identity implied by the underlying 
flavor symmetry in the CFL phase. Indeed, when chiral symmetry is softly broken by 
massive quarks m = diag(7Tiu, mrf,ms), then the pions are expected to be massive. Hence 







T*A"(x)7r^(0) 



BCS 



(A27) 



where the axial-vector current A" is given in (|A5^ ) and the pion field 7Tb{x) in the CFL 
phase is defined as (see Appendix- 7) 



7r^(x) 



V7° (Mzr^75)SVc(^) 



(A28) 



*^'^For the general case Nc = Nf , the "+2" and "4" have to be replaced by A^c — 1 and (Nc — 1)'^ , respectively. 
Furthermore, there are ^Nc{Nc — 1) eigenvalues +1 and ^Nc{Nc + 1) — 1 eigenvalues —1. 
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which is consistent with (|T^). The flavor axial- vector current in the CFL phase (see 
Appendix-6) obeys the local divergence equation 



ip i 



75 V'(x) 



Tpci 
For massless quarks, the hermitean axial- isovector charge 

.3 







i^ch^"*ri5i'c{x) 

is conserved and generates axial-vector rotations, e.g. 

[Q?,*(x)] = -75^T"*(x) . 
In terms of ( |A29[]A3l|) , the identity (|A28D yields the axial Ward-identity 



m,i7r°(x) ^7r^(0) 



+ 



BCS 



BCS 



where the diquark field S^'^(x) is defined as 





-I a/3 



]_r-pQ! 

2 ' 



and 7r(x) is the diagonal pion field 











BCS) 



(A29) 

(A30) 

(A31) 
(A32) 

(A33) 
(A34) 



i)ciT°'*1^4'c{x) J 

The nonconfining character of the weak coupling description allows for the occurrence of 
the gapped qq and/or qq exchange. Hence, 



BCS 



BCS) 



f_d*q rp 



1 



+ 



Tr 



«75 



i[m,T-]+iS(g)ir|iS(<?)]} ( 



{/(0,Tr[zri'zS(g)n^zS(g)]} 

(A35) 



with 



n 



t 



f {i Mr^75 J 7" 




(A36) 



7" 
i Mr^75 

In the chiral limit mj — > 0, i G {u,d,s], the first term in ( |A35| ) drops out and the identity 
is fulfilled if is sufficiently singular in rrii to match the numerator. The traces can be 

evaluated in weak coupling. The result is 



d^q 

d'^q 
(2vr)4 



Tr 



Tr 



i75|[m,T-], iS{q)iTiiS{q)\ = 0{ 



m 



16i 



dS G{q) 



Ft J (27r)4g2_,2 



(A37) 



(A38) 



*^'*The use of Ft instead of Fs in the pion vertex follows from the fact that the intermediate BCS pion is 
generated by a chiral rotation of the BCS ground state. A similar interpretation in matter is made in p4|. 
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which shows that = 0{m?'). To determine the coefficient, we need to expand the vertices 
and the propagators in ( [A35 ) to leading order in m. The 0{m) corrections to both G{p) 
and T{p) do not contribute. They trace to zero because of a poor spin structure. Therefore, 
only the 0{m) correction to the propagator (|l|) is needed, i.e. @. Inserting (0) together 
with the mass correction (Q) into (A37) yields 



I 



(2vr)4 
87r2F7 



Tr 



«75 2 



l[m,T"].iS{q)iTiiS{q) 



Tr 



cf 



2 a* 

m ,T 



(A39) 



Here, the resulting integral simplifies under a contour integration in the following way: 



d^g qo±q\\ \G{q\\)\' 



(2vr)4 
vr^ Jo 



9i 



dq\\ 



2/iFT 

|g(g||)P g|| 
2fiFT 4e3 



i2iT 



dq±q± dq\\\G{q\\)\'^ f idq^ iq^ ± q\\ 



(2vr)2 

A, 



87r2FT 
87r2FT 



Go 



oo 27r 2;uFr 
|G(9||)P 



2tt 



/ dx — Gn sm 



87r2FT A, 



^2 



2x0 
Go , 



where the gap solution (|6|) and the logarithmic scales x = ln(A=K/g||) and xq = ln(A=K/Go) 
were inserted in the second to last line. Furthermore, [m, [m,r"]+] = [m^,r"] was used. 
Inserting ( [A38D and ( |A39| ) in ( |A35| ) and noting that 



^%^) = Tr 



It"-* 
2 ^ 











iS 



(27r)4 ql 



(A40) 



we obtain for the mass of the Goldstone modes 



a/3 



I^Go 



Tr. 



cf 



+ 



2 Q* 

m , r 



fMM^'^-M^Ml' 



(A41) 

which is (|2l|), see also Ref. [^. Note that the color-flavor traces, which first appeared in the 

transition from ([A3 7 ) to ( A39| ), yield zero. 

In order to get a non-zero result for the mass matrix of the generalized pion, we have 

to insert in ( [A37 ) the next-to-leading order, 0{l/fi), even for the massless terms of the 

propagator, i.e. the second terms on the right hand sides of ( |A17D and ( A2[l| ) which can be 

traced back to the leading terms of the antiparticle propagator, see (A24) These terms 

are in fact antiparticle-gap independent. The first antiparticle-gap dependent piece appears 

*^^The 1/fj. expansion of the numerators and denominators of the particle propagators only modifies the 
leading result (A39) by overall factors that do not prevent the vanishing of the color-fiavor traces. 
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at order 0(1//^^) and is therefore subleading. This is fortunate, since according to |15] the 
antiparticle-gap is gauge- fixing-term dependent. Inserting the above mentioned terms in 
( [A37| ), we get 

Afi^Fx J (27r)4 - 



Note that 



+ Tr^/ {[m, r"*]+ (M^mM^ + MmM«"^)) } . (A42) 



(2^)4 g2_, 2 -'J^ (27r)2 27r '^^"^11^' 7 27r g| + 



TT^ JO 2eg 

= — rrGn / ax sm 

27r2 \2xoJ 

where fogarithmic scales x = ln(A*/g||) and xq = ln(A*/Go) were used in the fourth hne. 
Thus we have for A(y437) = {A37) - (y439): 

/^2 

+Trc/ ([m,r"*]+ (M«mMt + MmM«"^))} . (A44) 

Since Go and Ft are of order 0{^), we find that A(A37) is of order 0{^). This means that 
the corresponding (M^)°^ is of order 0{fi^), since there is an additional 1/Ft factor from 
([A38|) , namely 

(m2)"^ « {Tre/([m,T"]+(M^W + MtmM'3^ 

+Trc/ ([m, t"*]+ (M'^mMt + MmM^'^)) } . (A45) 
In the flavor-symmetric case niu = rrid = (= m^), the color-flavor traces simplify to 

2m^Trc/ (r" {m^"^M + M+M^}) = 2m^Trc/ (r°* {M^Mt + MM^"^}) = -IGm^ 5°"^ . 
The mass of the generalized pion at next-to-leading order now reads 
^ 4G|xo^,_4n^|4Al /-3^^ 
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where we have used that Ft = /i/vr, eq. (0), xq = -^ff-' ®' ^-L ~ ^'^ ~ \/?^ 

with iV/ = 3. 



4. Proof of the color-identity @: 



Apply the standard identity for SU{Nc) Gell-Mann matrices, 



a=l 



to the expression i^a=i v~2~^ ~ 



I.e. 



Af2-1 iV|-l 



a=l 



a=l 



(A47) 



7" 27Vc "P" 



575) e 



^A/37 



A5a ]_ Aa(5 



.Aa(5 



which is identical to (^) for the case Nc = It is easy to check that also 



E±_ A ^ 
2^2 



Nc+l A 

e 



(A48) 



(A49) 



2A^c " 

holds. Finally, by replacing /5 <-> a in the bracket of the third term of ( |A48 ) one can easily 
derive 

X" . \a 1 

(A50) 



\a \a 
2 2 



5. Proof of the relations (14): 



The first identity follows immediately from (P) or ( [A48 ), if one inserts 



IJ 



y'^'^^'i^^) ) 2N, 
It is easy to see that the same relation holds, if is replaced by M"^^. 



In order to show the second relation of (14), we use that 

, JK 



MM^M = 75 6^ ei ej (r^)' 



and that 



a(3 



(A51) 
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Therefore 

Kin I A\JK 



(mM^m) '™ = 75epee^"^(r^) 

K 

= 75 6/ 



+ ••• 



where the dots refer to terms which are symmetric in color-flavor and finally subleading 
to leading logarithm order. Naturally, also (mM'^^m) = M"^ + • • • holds. Therefore the 



second relation of (14) approximately follows from the first one, if the above mentioned 



subleading terms are neglected. 



6. The structure of the vector and axial-vector currents: 
The two-component Nambu-Gorkov field 

[cr ) 

transforms under vector and axial- vector transformations as follows 



e 2^ \ / e 2'^ 

Uv*=| .1^.^ * and U^*= .1 . I*. 



(A52) 

The vector and axial-vector currents are diagonal in the Nambu-Gorkov formalism, since 
they result as Noether currents from the diagonal kinetic term 

with Pq the unit matrix in the Nambu-Gorkov space. Alternatively, they can be derived by 
a prescription from which generalizes the standard current structure 'ipTip to the charge 
conjugated sector as ■ipc CT^C~^ Vc- Because of = — C~^7^C and C^^^^C = 75" = 75, 
we have 

= *74T^P3*, (A53) 

and 



*7^75iT^* , (A54) 
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with T"^ = diag(r'^, r"^*) and P3 the standard Pauh matrix. In ( [A54| ) it was used that 
ClIllC'^ = CC~'^-i^C{-C-^-i^,C)C-^ = -757^ = 7^75. Furthermore, note that the 
derivation of the gluon- vertex (|l^) is totally analogous to ( [A53| ) . 



7. The structure of the vertices for the generalized mesons: 

Because of the particle-particle (or hole-hole) substructure, all generalized mesons 
have the vertex structure 

*rM* = *f^/^ (r^^)-)*. (A55) 



By conjugating the 21-component ■i/'c (Xm)2i i/j = C {Tm)2i V') namely | 

itr^t.,Tt__,-,.,ox.r.,^ it.o.,o^-Ut^_^, ^^^^^^^^^^ , ^^^^ 

(A56) 



V't {{TmUV CH^^ = -^7° {{Tm)2iV 7°7°C'- = V^7° {(rAf )2i}^ 7°C(Vi)^ 



one can derive a general rule (see [|^]) which links the 12 and 21 components of Vm 

{Tm\, = i'{{Tm)2iVi' . (A57) 

Thus, in order to determine the structure of the generalized vertices, we only have to 
determine the structure of the 21-component. 

As in the standard case, the structure of the (generalized) meson vertices follows 
from the transformation properties of the (hermitean) bilinears ^ T m ^ under proper (or- 
dinary continuous) Lorentz transformations ij){x) Tp' {x') = S{K)'il){A.x) with ^(A) = 
exp(— IcTq/ju;"^) and under the (discrete) parity transformation ^'(x) ip' [x') = joip{t, — x). 
Using that S{Af = CS{A)-^C~^ and 7°^C7 = -f^C = -C-f^ , we can easily derive the fol- 
lowing transformation properties of the bilinears ipc {^1^1)21 under proper Lorentz and 
parity transformations (which generalize the transformation properties of the standard bi- 
linears "ipTip, see e.g. p! 



(A58) 



i^'ci^'h^tp' (^') = '4^c{x)lb^{x) scalar 0+ , 

■iPq{x')iP' {x') = det{A)■^pcix)^p{x) pseudoscalar 0~ , 

'4>cix')jf'-f5i;'{x') = A^'^il)c{x)Ylbilj{x) vector 1" , 

■il}'(j{x')^^il)' {x') = (lei{K)A^^^'ii)c{x)Y'P{x) axial-vector 1+ . 

Note the appearance of the extra 75 relative to the standard rules of e.g. |25]. Taking 
the flavor matrix in the color-flavor-locked way into account, we have the following 21 



*^^The minus sign results from the Grassman property of the fermion spinors. Note that C — — = — C ^ 
and = -C-i^'^. 
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components of the generalized meson vertices: 



{T(j{p,P))2i = iM Ts{p,P)/Fs generalized sigma , 

(r7r(p, P))2i = i-f5'M.^Tpsip,P)/Fps generalized pion , 

{T^{p,P))2i = j^1:^^Ty{p, P)/ Fy generalized vector meson , 

(r5/i(p, -P))2i = 'i'ltJ.l5'^^'^Av{p,P)/FAV generalized axial- vector meson , 

(A59) 

where M"^ = j5e'je^{T^)°'"' and (e")^'^ = e"'^'^. The form factors and decay constants have 
been introduced in Q for the pionic case and in ( ^3|) for the vector case. Note thay after 
inserting unity 1 = A+(p) + A^(p) to the left and right of the (FmIp, -P))2i's, we can 
project these vertices onto the particle-particle, particle- antiparticle, antiparticle-particle 
and antiparticle-antiparticle sectors in analogy to (|A3|): 



{TMip,P))2i = A+(p)(rM(p,P))ppA+(p)+A+(p)(rM(p,P))p,A-(p) 

+A-(p) (rM(p,P)),pA+(p)+A-(p) (rM(p,P)),,A-(p) . (A60) 

In the scalar and pseudoscalar case, the mixed (particle-antiparticle and antiparticle-particle) 
vertices vanish identically since A^(p)75A^(p) = = A^(p)A^(p). The sum of the remain- 
ing particle-particle and antiparticle-antiparticle has exactly the structure of ( [A3[) . In the 
vector and axialvector case, the mixed terms (Xnip, P))pa i^Mip, P))ap survive. How- 
ever, in the leading-logarithm approximation only the particle-particle parts (XMip,P))pp 
of the vertices are needed. 

Contrary to the standard case, the phases cannot be determined from the hermiticity 
property of the quark bilinears, since the hermiticity is automatically satisfied under the 



condition (A57). In general, the form factors are complex- valued, such that the phases can 
be chosen at will. Our phase choice corresponds to real-valued form factors with attractive 
Bethe-Salpeter kernels (see (^) and (A66)). Taking the ( [A57 ) rule into account, we have 



T'^{p,P) = ipiliAr^Tsip, P)/Fs generalized sigma , 

r^{p,P) = -f5p2Mr^rps{p,P)/Fps generalized pion , 



Tf^{p,P) = 7^75 P2 r^y(p, i-')/F4V' generalized axial- vector meson , 

(A61) 



r^(p, P) = jfj, piM-rf-Tvip, P)/Fv generalized vector meson 



where 




/ 



V 



M*"(r^) 

A' 



(t^)'" (A62) 



and Pi and P2 are the standard Pauli matrices acting on the Nambu-Gorkov indices. As 
mentioned above, the form factors Ts{p,P), Tps{p,P), Tvip,P) and Tav{p,P) are now 
assumed to be real, where Tps{p, 0) = G{p). The vertex structure of ([A6l| ) is in agreement 
with (pT[) and (|T^) as well as (|43|) as used in 
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If (TMip, P))2i is projected onto the particle-particle, particle-antiparticle, antiparticle- 
particle and antiparticle-antiparticle sectors as in ( A60| ), it follows from the ( [A57 )-rule and 
7'^A^(p)7*^ = A^(p) that the corresponding contributions of the 1-2 component read 



(rAfb,^')) 



12 



pa 



+A+(p)7° (rM(p,P))i,7°A-(p) + A+(p)7° (rM(p,P))L7°A+(p) 



(A63) 



in analogy to ( [A4D . In the leading logarithm approximation, only the first term, i.e. the 
particle-particle term, is needed. In this case the vertex structure ( A6ID has to be modified 
by the "sandwich-rule" (28) which is compatible with ( A60| ) and ( |A63| ) . As mentioned in 
section 3 (see also Appendix-12), the simplified vertex structure ( A61 ) can be used, if only 
leading propagators (|l|) f^^ '\ are coupled to the vertex and if the simplified form (|5|) of the 
gluon propagator is used. 



8. Derivation of equation (13) from (^) and equation (44) from (^4): 



Defining Q = q + P/2 and K = q — P/2, the 12 component of (|42| ) reads: 
(r/(p,P))^^ = J ^W{p-q)^,^[s^,{Q){rf{q,P))^^S22{K) 



+ 



Si2{Q){rf{q,P))^^SMK)] i-in^ ■ (A64) 



The expression for (r/(p,P))^^ follows from (M) with the replacements 1^2 and 

A° <-> A°^. We now write (r/) = "^Ti^yM^^ where we assumed Fy to be real. Inserting 
then (H) for the propagators, we can transform ( |A64| ) to p^'^l 



jjTv{p,P)M 



At 



A Wip-q)Tviq,P) 



(2vr)4 (Ql-el){Ki-ej,) 
X \q+K. k70A-(Q)7,70A+(K)7^ 



2 2 



+ G(Q)G(if)7^A+(Q)7,A+(K)7'' 



— MM^M— 
2 2 



(A65) 



where it was used that both M (=M''') and contain a 75 matrix. Note that the 

corresponding expression for the composite axial- vector meson differs from ( [A65 ) by the 

replacement — > ij^'M.^ and by an additional minus sign in front of the second term 

*^^In the scalar and pseudoscalar case, it already is sufficient that only one leading propagator is coupled 
per vertex. 



*^*In the following, we will use the simplified form (A.61) of the generalized- meson vertex. The results for 
the sandwiched form fcq) will be discussed at the end of this section. 
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on the right hand side. Using (14) for the flavor contractions and moving the 7'^ matrices 
through, we finally get 



29^ 
3 



iV{p-q)Tv{q,P) 
(27r)4 [Ql-el){Kl-el) 



X - G{Q)G{K)] [7^A+(Q)7,A+(K)7'^] , (A66) 

where we ignored a symmetric contribution in color-flavor which is subleading to logarithmic 
accuracy. This equation will be simplified by applying the longitudinal and transverse 
projection ( p9| ) and (^), respectively, and then taking the Dirac trace. The left hand side 
becomes ATl^t{p^P)-, whereas on the right hand side the Dirac structure becomes 



iTr 

3 



7^7MA"*"(Q)7iA+(K)7^ 



-|Tr 
-^Tr 



yA+(Q)7,A+(K] 
" 3A+(Q)-Q'=a'=U" 



(K) 



(A67) 



where we summed over the index j and used the Dirac matrix identity 7^ 7^7^ = —'^Ij- In 
the rest frame, the trace ( A671 ) is just —8/3. Inserting this back into ( A66| ) and dividing by 
four, we get the quoted result (^) which identically holds in the axial-vector case. 

For deriving the corresponding expression of the generalized pion from (^), the 7^ 
matrices in ( |A65| ) and ( |A66 ) have to be replaced by —^75. After multiplying both sides 
with i75 and then taking the Dirac trace, we still get ^Tps{p,P) on the left hand side, 
whereas on the right hand the Dirac trace 

T¥[757mA+(Q)75A+(K)7'^] = -Tr[7^7^A+(Q)A+(K)] = -4TV [A+(Q)A+(K)] 

reduces to a factor —8 instead of —8/3 in the rest frame. This is the reason why the prefactor 
in the Bethe-Salpeter kernel of the generalized pion (see ([l3| ) or (Q) for the gap itself) is 
three times bigger than the one of the generalized vector and axial- vector (see (^^). 

For the generalized sigma, the 7^ in (A65) and ( A66| ) has to be replace by the i times 
the unit matrix. Furthermore, there is an additional minus sign in front of the second term 



on the right hand side of ( A65 ) and an additional overall minus sign on the right hand side 
of ( |A66| ). After multiplying both sides with —i and taking the Dirac trace, there is still 
ATs{p, P) on the left hand side, whereas on the right hand side the Dirac trace 

Tr [7^A+(Q)A+(K)7'^] = 4Tr [A+(Q)A+(K)] 

reduces to +8 in the rest frame. This opposite sign, relative to the pion case, cancels against 
the above mentioned opposite sign on the right hand side of ( |A66 ). Thus the Bethe-Salpeter 
equation of the generalized sigma and pion are the same, see (|13|). 

If the sandwiched form of the generalized mesons is used, equation ( A66| ) must be 
first projected from the left and right with A~(p), before we can multiply with 7^ (or 
correspondingly with —^75 in the pion or i\ in the scalar case) and take the Dirac trace. 
This modification induces a factor ^ on the left and right hand side of the projected (A66) 
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and therefore does not change the final answer ( |4^ ) and (13) for the gap equations for the 
(axial-)vector and (pseudo-)scalar case, respectively. 

The result of ( [A66D is valid for the phase choice of ( [A59 ), i.e. for real- valued form 
factors. If the opposite phase-choice had been made, i.e. if the form factors were assumed 
to be purely imaginary- valued, the Q+K^ — G{Q)G{K) term in ( A66D would have to read 
Qj^K^ + G{Q)G{K) instead. The error which this choice will induce can be estimated by 
perturbation theory by inserting (^) and (4£) or an analogous form factor into 
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Gm % 



-2G^(g||) 



In 



{p\\-%y 



r(g||,My) 



(A68) 



as very small, i.e. 0{h1) relatively to r(g||,Mv). 



9. The structure of the vertices for the standard mesons: 

The Bethe-Salpeter kernels of the diagonal standard "g g" -type mesons in the CFL 
phase are 

f^(p,P) = pQN^fs{p,P)/F-^ standard Sigma , 

fi{p,P) = ij5PQ'N^fps{p,P)/F standard pion , 



(A69) 

■ rp ~ V \±- 7 - / / — V ■ ; 

T^^{p,P) = 'yf^^5 po'N-^TAviPj P)/Fav standard axial- vector meson , 



T^{p,P) = 7^ P3 ry(p, standard vector meson , 



where = e'^e°(T'^)"°. Thus is of the same form as Mr^, without the 75, however, 
and with T"^ = diag(r^, ) replaced by = diag(r'^, f^), where ri^3 = ri^3 and ¥2 = iT2. 
Furthermore is the usual Pauli matrix, whereas pg is the corresponding unit matrix. We 
have checked that the Bethe-Salpeter equations resulting from ( A69| ) vanish identically. 



Standard scalar, pseudoscalar, vector and axial-vector excitations are not supported by the 
QCD superconductor in leading logarithm approximation. 



10. From equation (|15| ) to equation (|20| ) and other variational approximations: 

After multiplying (|l5|) with S/Ag'^ and using the Fourier-transformations 

r{p,M) = J d^xe'P'Tix) , 
V{p -q) = J d^x V{x) , 

we can transform dla) into 



rr(^) = 7^ e-^'^^ W{x) , , '° , , T{q) , 
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where T{q) = T{q,M). Multiplying both sides with T{x)/iT>{x) and integrating over x, we 
get 

Ag^J '''' W{x) ~ J (27r)4 y '^'^>j (<^2 _ ,2 + ^2/4)2 _ ^2^2 

A - 6^ - MV4 



(27r)4 ^ ((^2 _ ^2 + Af2/4)2 - M2g2 

Assuming that T{q) is an even function in q in analogy to G{q) and Taylor-expanding the 
right-hand side in M^, we get (|T7|), i.e. 



V i ^ ^ i (27r)4 _ e2 + 4 J (27r)4 (g2 _ ^2)3 



(27r)4 g2 _ ,2 



9 

where definition (18) was used. By assuming that T(q) = nG{q) is an even real-valued func- 
tion of g| I , by Wick-rotating to Euclidean space and evaluating the resulting 54 integration 
as a contour integration, we can calculate F"^ defined in the last equation as follows: 



i f d'^q + 

1 /-^^ q±dqi_ p2. X /■+°° ^ -g4 + 

4 7o (2^)2 io 27r ^^ll^-oo 2tt (q^ - ie^)3 (q^ + ieg) 

/,2 .00 r2(g||) _ ^2^2 .00 ^2^2 M ^2(^11) 



^3 



"9 

After inserting (P) into the last equation and shifting to the logarithmic scales x = ln(A^,/g'||) 
and xq = ln(A*/Go), one finally arrives at (20), i.e. 

f2 « ^ r dx e2(--) sin2(vrx/2xn) - ^ + " « ^ (A70) 

87r2 io sm (vrx/ixoj - g^2 IGxg + 47r2 167r2 ' ^"^^^^ 

since xq^ 1, see 

Finally note the variational approximation 

f A ^T,L{q) _ „ /-'^ q±dq± , f°^dq\\ f idq^ 1 

y(2vr)4g2_,2 - (2vr)2 2vr ' ^'^^'^H V 2vr -g| - 6^ 



2eg 



^22 A Gl^sin2(^ln(A^ 



K-2„2r72 

27r2 

k2,/2(72 

47r2 



Go 9|| 









sin^ 


/ TTX \ 


\2xm) 




XM 


. f vrxo 




sm 




TTXo 
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which is used to derive ( ^7\ j from the vector- meson analog of ([T7|). 



11. Gluon polarization function in the CFL phase: 

In the CFL phase, the gluon polarization function for the bare gluon {AA) fields is 

Using Trc/(A'^A^) = 6 5"'' and 

Trc/(A'*MA''^M) = -2Trc(A''A'') = -45"^ , 

we may write ( [A71 ) in the following form 

d^q 1 



K(Q) = -9^5"' j 



{2nY {Kl-el){Pi-el) 
3 (KoP^ + Tr [7^70A-(A')7,70A-(P)' 

+2G(ir)G(P)Tr [7^A+(i^)7,A-(P)] | (A72) 

with K = q + Q/2 and P = g - Q/2. 

For the temporal polarization, we have 

nooW)- 5 7(2^)4 (K2-e2^)(p2_,2^) [l + K Pj . (A73) 

For (5 = 0, this simplifies to 

,ah 9^t^' r , ^ -Qql + Qel-2G\q) 



vr^ Jo 



Here we have used that the angle and q± integrations contribute a factor 27r2/i^ and, after 
a Wick rotation to Euclidean space and contour integration, that dq\\ G'^{q)/eg = 1/2 
(see above). 

For the spatial polarization, we obtain 

Ta..^^_ 2.a. f A moPo + W-2G{K)G{P) 



(A75) 

after using the spin trace 

Tr [yA±(K)7^ AT(P)] = g'^ - {g'^^g^"^ - g'^ g^"^ + c,*"5J'")K"^P" . (A76) 
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For Q = 0, this simplifies 



11,, - gd J ^2^^, _ ,2)2 q^q^ 

- (2vr)4 (,2_,2)2 

The lack of transversality in the AA polarization, which is manifest in ( [A 74 ) and ( |A77 ), 
is fixed by the mixing with the scalars (Higgs mechanism) and the additional contribution 
from the modes within the Fermi surface (nonsurface modes). 



12. The comparison of the exact and simplified in-medium gluon propagator: 



According to eq. (6.51) of |13] and eq. (10) of |13], the in-medium retarded (Minkowski- 



space) gluon-propagator in a general covariant gauge reads (modulo an overall phase factor) 

pT pL pGF 

= i + ' - ^ , (A78) 

q-^ — G q-^ — r q-^ 



where F = m'jj = ^5^/"^ (= m'^) and G = j m'jj (= mj^j). The propagator contains 
the gauge parameter ^, which must not appear in physical results. The projectors appearing 



in ( |A78| ) read 

P^u = (1-5^o)(1-5.o)(-5m--^) , (A79) 

P^. = -9,u + ^-f^-P^., (A80) 

P^f = (A81) 

where q"^ = {q^f - and g^y = 5^^" = diag(l, -1, -1, -1) for /i, = 0,1,2,3. The 
transverse projector can be written as 

^Jo = Pl = ^^ (A82) 
P^^ = Pj; = dij - ci,cij , (A83) 

where = 5j/|q|. Eq. (|A78| ) should be compared with the simplified form 

2g^ — G 1 q'^ — i< 

which is the analog in Minkowski space of the screened perturbative gluon propagator in 



Euclidean space used here in (|5|) , see also [|T2|, |9| . We now proceed to show that ([A78t - A84| ) 
yield equivalent results in the context of our analysis. 
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The three-momentum can be spht into the Fermi-momentum qp and a momentum I 
measured relative to the Fermi surface, 



|q^ + /| =;, + /|| + -^ + 0(l/;,2) 



(A85) 



where Z|| and l± are the projections of the relative momentum in the direction of and 
orthogonal to the Fermi-momentum P, respectively. Because of the decomposition ( [A85 ), 
we have, modulo l/jJ^^ corrections, = <lo~^ ^ ^^'^ '^^^ simplify the longitudinal 
projector as follows (see |15])) 



-9/10 9u0 



(A86) 



Finally we will use that 



6'^ PA 



q-Qk-Q = -i (l-q-k) 



(A87) 
(A88) 



where Q = k — q. The second formula can be derived with the help of eq. (A85) applied 
to |k|, |q| and |Q| = |k - q|, i.e., |Qp = |k - qp w 2/1^ (^1 - q - k^ and q-Qk-Q = 
(|k| q - k - |q|)(|k| - |q| q - k) « - q - k)^. 

The Dirac structure of the gap equation of [|l5| (and of the Bethe-Salpeter equation 
(^ in case the generalized-pion- vertex follows the sandwich rule (p^), i.e., the projectors 
^(1 lb Q - q) are kept in the generalized-pion- vertex (p!^)) reads: 



Tr 



7^i(l - Si?7Vq'")7i(l + SL7Vk"^ 



+ 



SRSL 



k" + 



2 V 



g,0gum 



gf^UgUm 



(A89) 



where sl = sr = ±1 for the gap and sl = —sr = ±1 for the anti-gap, see eq. (9) of [p^ ]. 

The Dirac structure of the Bethe-Salpeter equation (P) without the projectors |(1 ± 
ct - q) in the generalized-pion-vertex ([T2D reads 



Bt^u ^ iTr[7^i(lT7Vq'")7l 
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gf^OgmU 



gf^mgUO 



q 



(A90) 



Here, the projector ^(1 =p 7''7"^q™) results solely from the leading parts of the quark prop- 
agators (|^) and not from the generalized-pion vertex. The prefactor ^ in ( A9C| ) versus 
the prefactor ^ in ( A8S| ) can be traced back to the division by the Dirac trace on the 
l.h.s. of the Bethe-Salpeter equation, namely to the division by Tr [1] = 4 in ( A90| ) versus 
Tr [i(l + SL707"k")] = 2 in ([A89D . 

Using the projectors of V^y{k — q) as given in ( A78| ), we get 



(A91) 
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Assuming as in [|T^] that q • k = cos(^) ~ 1 in the numerators of the gap-equation, we 
get the weight —1 for the longitudinal contribution to the gap and for the longitudinal 
contribution to the anti-gap. This should be compared with 

B^-'P/^u = --2 (A92) 

for both the gap and the anti-gap. Note that ( A92| ) is just the average of ( |A91| ). 
Furthermore, we have using ( A88| ) 

= -1 + SRSL (k • q - k • q + k • Qq • 

« -1 - isijSL + isijSLk- q . (A93) 

Under the approximation k • q ~ 1, we get for the gap-case — | + ^k-q~— 1 and for the 
anti-gap case — ^ — |k-q«— 1. This agrees with the unprojected case 

B'-'P;^, = -\5''Pl, = -1 (A94) 

for both the gap and the anti-gap. 
Finally, 

A Pf^u - 2— g2— + ^l^^-Q^k-q-^ Q-2 Q2k-qj 
SRSLf . . . Q-kQ-q\ 



SB.SL {■ ^ , I Q • kQ • q\ 



k -ci+SRSL k • q 



1- ^k.q+s«.,. 1^ Zq^ 

1 SBSL f , /if- 1 ' 

2 Y~ ^ '^^ ^^^^ • q - 2, 

Hi - ^R^l) , (A95) 



where ~ — and (|A88|) was used. Note that the gauge-fixing dependence vanishes for 
the gap and gives a weight factor +1 for the anti-gap. 
This should be compared with 

iJM-pGi^ ^ ^1 (A96) 

for both the gap and the anti-gap. Again, the result ( [A96|) of the unprojected case is the 
average of the sandwiched one, ( A95| ). 

If A'^'^ is contracted with — \g^v as in the gluon-propagator ( [A84 ) and in the Euclidean 
analog (^), we get 

A^'^^g^.u = -l + ^(V°q-k + 2q.k+i5'""q"k" + l5"^"q-k") 
= -l + £^(-q.k + 2q.k-q.k) 

= -1 (A97) 
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for both the gap and the anti-gap. 

If B'^'^ is contracted with —\g^u, then 

B^" ^ = -Ig^^'g^.u = -1 (A98) 

for both the gap and the anti-gap. 

In summary: the use of the simplified propagator @ together with the unprojected 
meson vertices, i.e. ( ^8| ) without the additional projectors, yields the same results as the 
use of the exact propagator ( [A78[) (or even the simplified propagator) together with the 
sandwiched meson vertices (^), to leading order. At higher order, the simplifications require 
amendments. To leading order, the differences resulting from ( [A89|) and (|A90| ) can be traced 
back to the presence or absence of the projector A^(k) on the l.h.s. of the Bethe-Salpeter 
equation, i.e. at the amputated vertex. 
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